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Abstract

A multivariate version of the univariate new better than used
(NBYU) processes, due to El-Neweihi, Proschan,and Sethuraman is intro-
duced. Closure properties of this new class of multivariate HBU
(MNBU) processes under various reliability operations are obtained.

A relationship between the !iiBU processes and a well known class of

multivariate [HBU distributions is descri’ued.¥
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1. Introduction.
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The theory of multisLate cuherent systems has motivated several

Yo ™

e

authors to introduce and study special classes of stochastic processes

Ky
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which generalize the well known classes of lifetimes in the two-state

reliability theory. In a paper by El-Neweihi, Proschan and Sethuraman

o ol 3
.

(1978) a univariate class ot new better than used (HBU) processes was

e
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introduced. A member in this class can serve as a model to describe

the degradation of a multistute cowponent., A multivariate process
whose univariate nufginals are independent [BU processes can then be
used to describe the joint stochastic beha!jor of a collection of deg-
radable components. However such a model is not adequate when it is
unreasonable to assume stochastic independence. The main purpose of
this paper is to introduce a‘unre general class of multivariate NBU
processes which extends the univariate HBU class due to El_Neweihi,
Proschan and Sethuraman (197C). The approach used in this paper is
similar to the one used by Ulock and Savits (1981) to introduce a class

of multivariate IFRA processes.

A brief summary of the contents of t-is paper is now given. In
section 2 the basic notation, terminology and definitions are given. In
section 3 a class of multivariate MU processes (hereafter referred to as
the MRl class) is defined. !ecessary and sufficient conditions for a
multivariate process to be a member in the MMl class are given. Finally
in section 4 it is shown that the MI™l) class enjoys a number of closure
properties which include as special cases some well known preservation
properties of the univariate class of MU lifetimes. Some of these prop-
erties are utilized to construct examples of ''?) processes. Using one of
the characterizations established in section 3, the MMRU class is shown to

be closely related to a well known class of multivariate MCU distributions.
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2. MNotation, Definitions and Terminology.

The vector x = (x,...,x ) denotes a point in R", the real n-

dimensional Euclidean space equipped with its usual metric .

y<x  means that y; <x;, 1=1,...,n

Yy < X means that Yi < Xj s j 1,...,n

A subset Ug R is an upper set if xeU and x < y imply that yeU.
Given a vector 5§Rn, Q, denotes the set {y: x < y} .

A function f: R" - R™ is a nondecreasing function if x < y implies

that f(x) < f(y). A nonincreasing function is similarly defined.

Throughout the remainder of this paper all the random variables

(random vectors) considered are assumed to ve nonnegative.

3. The MNBU Class: Definition and Characterizations.

First let us recall that a nonnecative random variable T is said

to be lIBU if

P(T > t) < P(V > «t)P(T > (1=u)t), (3.1)

for every t > 0 and every 0 < -« < 1.

In the context of reliability theory the randor variable T usually rep-
resents the lifetime (functioning time) of a component that can be in
either of two states "functioning” (denoted by 1) and "failed" (denoted
by 0). In a paper by El-Neweini, Proschan and Sethuraman (1973) a class
of univariate lBU stochastic process was defined as follows: A nonnegat-

ive, nonincreasing and right-continuous stochastic process {X(t): t > 0}

........................




whose state space is {0,1,...,M} is said to be NBU if

Tj = inf {t: X(t)¢ {j+1,...,M}} (3.2)

is NBU random variable for every je{0,1,...,M}. Such a process was intro-
duced to describe the stochastic benavior of a multistate component which
starts at time O in state M (perfect functioning) and deteriorates, as
time passes, to lower statesuntil finally state O (complete failure) is
reached. The definition of the NBU process can be easily extended to the
case in which the state space S is any subset of [O,w) by simply requiring
that the random variable

T, = inf {t: X(t)¢(a,=)} (3.3)

is MBU for every a > 0.

A natural multivariate extension of (3.3) is now used to define the

MNBU class of stochastic processes.

Definition 3.1. A vector-valued stochastic process {5(t)=(x](t),...,xn(t)):

t > 0} is said to be a MHBU process if it is nonnegative, nonincreasing,
right-continuous and the random variable

Ty = inf {t: X(t) ¢ U) (3.4) |

in BU for every open upper set Us R".

The class of all MNBU processes (of all dimensions) is called the
MNBU class. Clearly the MNBU class includes, when n=1, the univariate
NBU class due to El-Meweihi, Proschan and Sethuraman (1978). Also in a
recent paper by Clock and Savits (1981), the authors define a multivariate

class of IFRA processes by requiring the random variable in (3.4) to be




IFRA. Clearly their class is a subclass of the MiiBU class.

Remark 3.2. In view of (3.1) and tihe right-continuity of the process

{X(t): t >0}, condition (3.4) is equivalent to
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P(X(t) € U) < P(X(at) e U)P(X((1-a)t)e U), (3.5)

for every t > 0, 0 < « < 1 and every open upper set Ug R".

In the remainder of this section two characterizations of the MNBU
class are given. These characterizations are used in section 4 to establish
properties of the !HBU class and relate it to a well known class of multi-
variate NBU distributions. First we need the following lemma whose proof

is essentially due to Esary, Proschan and Walkup (1967)(see also Harshall

and Shaked (1982)).

Lemma 3.3. Let {X(t): t > O} be a stochastic process. Then condition (3.5)

is equivalent to
P(X(t) € U) £ p(X(at) e U)P(X((1=x)t) € U) (3.6)

for every t 2 0, 0 < @ < 1 and every upper Borel set Us R,

The following theorem gives a necessary and sufficient condition for
a nonnegative, nonincreasing and right-continuous stochastic process {X(t):

t> O} to be a MNBU process.

Theorem 3.4. The process { X(t): t: O is a IiNBU process if and only if

ER (X(t))] € E(r(X(«t)i] E[ &' X(~)tN], (3.7)

for every nonnegative, nondecreasing and Borel measurable function 4>:Rn + R

and every t > 0, 0 < a < 1,
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Proof. Obviously (3.7) inplies (3.5) by taking ¢ =IU, where Ug R" is

an open upper set. Now assume {X(t): t > 0} is a MIBU process. In view
of (3.6), condition (3.7) is satisfied for all ¢-= aIU, where a > 0 and

m
Let ¢ = ; ¢i’ where¢i = a

i=]
i,..

U< R" is an upper Borel set. j IU s a5 > 0,
i Z

Uu.s R"

; By tolder inequality

is an upper Borel set, i = .,mand m -1,

for sequences and Minkowski inequality for the La-norm, Jd<a< 1, we get

E[HX(t)] < T

The general result now follows by taking monotone sequences of such fun-

ctions and passing to the limit.

Remark 3.5. In a recent paper by iiarshall and Shaked (1982) the authors
established a similar characterization for their class of multivariate NBU
distributions. However they used a different method to extend the validity
of the inequality in (3.7) from indicator functions to nonnegative linear

combinations of indicator functions.

The second characterization for the iliBU class, which is useful in
relating it to a multivariate concept of {BU distributions, follows from the
following lerma which is due to Block and Savits (1980). We provide here

a simple and new proof.

Then U =

. j
. Qx1, where x € R",
i

1 &£

Lepma 3.6. let Us R" be an open upper set.

w b

i=1,2,...

...............




Proof. Let x be an arbitrary elerent in U. Since U is open there exists
aye Usucn that y = x and y, is rational, i=1,2,..., n. The result
now follows by observing that x e ng U and that the set of points in R"

with rational coordinates is countalle.

Theorem 3.7. The following condition is equivalent to (3.5),

P(X(t) € U) = P(X(ut) € U)P(X((T-a)t) € U),

p .
for al1 t >0, 0 < o<1 and all U of the form u Qxi where 5} e R",
i=1 =
i=1,...,p, p is a positive integer.
Proof. Obviously (3.5) implies (3.8). HMow assume (3.8) is true and let
U be an open upper set. By lemma 3.6 there exists a sequence U] < U2§

increasing to U and (3.8) is true for each Ui' The result now follows by

passing to the limit.

4. Closure Properties, Examples and a Related Class of Multivariate

NBY Distributions.

Closure properties of the !ilIBU class, which correspond to cormon reli-
ability operations, are establishec in this section. Such nroperties are

thien utilized to construct and ideniify members of the MiBU class.

In tiie followine theorer thrce fundamental closurc properties of the

IM:BU class are establishad.

Theorem 4.1. The following properties 30ld for tne HBU class:
(P tet t)-= (X](t),...,xn(t)): t >0} be a MHBU procoss and let
£:R" » A" be a nonnecative, nondecreasina and left-continuous function.

Then {f(R(t)): ¢ >3 } is a !i:3U procoss.
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(P2) Let {&(t) = (X (t)s... i

be two independernt 18U processes. Then { (a(t); Y(t)): t >0}is a (m +'n)

(L))r - Otand{ Y(t) = (v (e)senn,y ()t

dimensional MiBU process.

(P3) Let {5n(t): t > 0}, n=1,2,... be a scaucnce of k-dimensional MHBU

proccssas and ﬁp(t) ¢ a(t) for every t, where {A(t): t >0} is nonnegat-
: S A LY 2

ive nontincreasine and riohi-continuouvs nrocess. Thon {A(t): t > O}is a

fil'BU process

Proof. (P1) The proof ic obvious in vizw of theorcm (3.4).

(P2) The oroof is similar to the onc civen Ly Marsiall and Shaked (1982),
paqass 202-203, to esteblis: a similar propcriy for tieir class of multi-

veriate [IBU distributions. The datails are t.ierzfore omitted.

1,

(P3) Lext U $ Rk be ain open upper sat. Lot ¢m:R“ -+ R be a sequonce of
continuous, bounded an nondacreasing functions such that P IU point-
wise. By tiheorom 3.4 w2 have

Efo (X(6))] < E[Y(% (et))] Elo)™ (5 ((1-a))],

Thc result rov follows by takine limits as n- = then as m - o

Repark 4.2, The assumption of left-continuity in (P1) is not neceded

waen the state space for tac process {X(&): t > 0} is finite.

The folowing oroperties for the {UBU class arc immadiate consequences

of the fuindamental prooariies (P1) and (P2).

Corollary 4.3, Tihe following propcrtics wold for thc 'MBU class:

(P3) Le {x.(t): t >3}, i=1,...,n be indepencaont univariace f1BU processes.

Thon {A(L) (Rp(eV, oo X (e © 20} is a "IiDL process.

(P4) Let {X(t): t > 0! be a n-dimesioral \I8L process. Then
{x(t) = (Xi (t),...,Xi (t)): ¢t 2 0% is a “-dimensional HIIBU process, where

] k
1 ckgnand 1 <dy <... <i, <n.
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Ej (P5) Let {i(t) = (x](t),...,xn(t)): t > Otbe a IiBU process and let

;' vbi:Rn - R Lc nonnogative, nondecreasing aic left-continuous function,

v

o i=1,...,m.  Toon {(¢](§(t)),...,¢m(xjt)): t > 0} is a 13U process.

(P6) Let {51(3)‘~t >0}, i=1,..,k be k iadepcndent i%'8U processes of

the sane qimcnsion.  Then {0 L (t): t >0C} is a MBU process.

drma e
Vo .
el L
’
-
<

i=1 7
L
-
B Proof. Tiz proof is obvious aid is thercfors omiticd.
\1

Remar 4.4, I¢ should be noted that the goneralized 1BU closure theorem
due o El-izweibi, Proscihan anc Ssiburaman (127%8) is a special case of
3

2 (XL 1N

(P3). &1so obsarve trat {PS) assaris iz closurce of the 'WBY class under

coivolution.

ire following tucarem relaces the Mi3L ciass to a well kiown class

of multivariatc BU random vocters, namcly tiz Class C={If(T],...,Tn):

T is nonncgative anc t(T) is 'ZU for cvery morotone life function 1, n
is arbitrary vositive intceer . {rocall titat T(7T) vas tne form
LY — . p 1Y
ma X min T, , wiere u .-’-\J.s {1,....5};.
l1<j<on ieAj j=1

Thooron 4.5, Tha proczss {a(t): © > 9} is a 'UBU procoss if and only if
every finite coilocvion of (T, : 1 < i<, %} dis in C, vhere

T. = inf{t: }11-('L') < x} .

(2 proof follows rcacily b thcoram 3.7 anuy .2 simple observat-

Proof.

jorn what for ai o upper Sorzl scis U],uz, 'C]UUQ = nax (T, ’TU ) and
- - -
‘“HAU2=min (1h T, ). The simple details of the proof are left to the reader.

10 Uy

. Tae avove theorer is csszatiatly (.2 analocuc of tiacoram 2.4

[&)]

nemark 4.

of Slock ang Savits (1731},
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The above properties of the 143U class and its relationship to the
class C of multiivariatie [iCU random veciors can te utilized to construct
many examples of Mii3U proccsses. For instance if T belongs to C then
{(I(T] S t)""’I(Tn > t)): t >0} is a [4:BU process. Also multivariate
processcs 1iosc coorainatcs are monotone functions of indcpendent univar-
iate 'V proccesc2s arc 1UBL nroccsses. T followina example motivated
by the toheory of rultistate concrant systems illustrates the construction

and identification of mermbers of ta2 1HBU class.

Cxample 4.7. Consider a sysiem of o dinary independent components. Assume
we have [i-1 spares for each of the n comp8ncnts. A failod component is
instantaneously replaccd by ono of iis spares. All the lifelengths are
assumed to bz indepszndcnt 13U random variables. then the original compon-
ent 1 is functioning (anu none of the spares ias oecn used), we consider
that componant i is in siate ii. Unon failurc of the original component
onc of its sparcs is uscd and so tiic component now chicrs state M-1, etc.
Let (%) = (X1(t),...,xn(t»: t >0} o i1z process describing the states
of thc n conponcnts as time passas. Tien {X(t): t >3} is a lHBU process.
Horeover if the n comnonents are forming a cohcront system whose cut sets
are C],...Cr and Y.(t) = max (Xi(t)), j=1,...,r, tien {(Y](t),...,Yr(t)):

J .
jeC,
CJ

(X IXT

t > 0} is also a i5U process.
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